In other words, the material characteristics of each component, e.g. fibers and matrix, are employed, and the problem unknowns are placed above the physical surface of the body. In the perspective of failure analyses, the integral evaluation of failure parameters is introduced to determine critical portions of the structure where failure could take place. Integral quantities are evaluated using 3D integration sub-domains that may cover macro-and micro-volumes of the structure. The integral quantities can be evaluated directly on fiber and matrix portions. Numerical results are provided for different configurations and compared with solid finite element models. The results prove the accuracy of the CW approach and its computational efficiency. In particular, 3D local effects can be detected. The use of the integral failure index provides qualitatively reliable results; however, experimental campaigns should be carried out to related such indexes to the failure occurrence.
Introduction
Fiber reinforced composite structures have been increasingly used in many engineering applications over the last decades. Nevertheless, many aspects of composites are still only partially understood and hard to model.
A typical example being failure and fatigue processes. The proper mathematical modeling of such phenomena should take into account the multiscale properties of composites. Multiscale approaches have been recently proposed to model the different scales involved in the analysis of composites and provide a refined description of the stress and strain on the components [1, 2, 3, 4, 5] .
In a failure analysis scenario, integral quantities are commonly used to predict failure. Depending on the failure mode, integrals can be evaluated on lines, areas or volumes, as shown in Fig. 1 . For instance, forces exchanged through the thickness can lead to delamination. Therefore, 1D-, 2D-and 3D-sub-domains nearby the lamina interfaces can be appropriate zones to investigate. Or, if the debonding/pull-out mechanisms have to be analyzed, sub-domains around the fiber/matrix interface can be taken into account. As in Fig. 2 , line contours around microcracks can be considered when the matrix behaviour has to be studied.
In the framework of the evaluation of integral parameters, the J-integral method was introduced for the analysis of metallic structure and, in the last decades, has received many attentions for its several attractive features. According to this theory [6] , a path independent parameter, J, can represent an average measure of the crack tip elastic-plastic field. The J-integral can be directly evaluated from single load-displacement records [7] , making this value particularly attractive to be used as a fracture criterion [8] . This method has been extensively used for two-dimensional problems, and for traditional metallic materials; an extension to three-dimensional problems can be found in [9] . The J-integral approach has then been extended to composites; it can be used to measure the crack resistance curves (R-curve) in fiber-dominated failure modes of polymer-matrix composites, and to characterize the fracture toughness. It has also been used to evaluate the parameters used in softening laws for the numerical simulation of the fracture mechanism [10] . The Jintegral is a path-independent parameter that can also be used to analyze the failure areas when the linear elastic fracture mechanics approximations are not valid as shown in [11] . A similar approach was presented in [12] for cementitious composites while, in [13] , it has been used to determine the fracture toughness of the tensile and compressive fiber failure modes.
The accuracy of point-wise and integral predictions are related to the accuracy of the displacement, strain, and stress fields. Accurate 3D fields in composite structures require refined models. Typical classes of refined structural models for composites are based on higher-order models [14, 15] , Zig-zag theories [16, 17, 18] , Layer-Wise (LW) approaches [19, 20, 21] , and mixed variational approaches [22] . The present work makes use of 1D advanced structural models based on the Carrera Unified Formulation [23, 21, 24] . In particular, the Component-Wise approach (CW) is adopted. The CW stemmed from the 1D CUF. Lagrange polynomials are usually adopted to model the cross-section displacement field. In a CW model, each component of a complex structure is modeled through 1D models. 1D, 2D, and 3D structural elements can be modeled through 1D models by enriching the displacement fields. The definition of mathematical lines and surfaces is no more needed since the unknown variables can be placed on the physical surfaces of the structure. Each component can be modeled with its material characteristics, and no homogenization is needed. CW models have been recently exploited to deal with the analysis of aerospace structures [25, 26, 27, 28, 29] , civil structures [30, 31] , fiber/matrix cells of composite structures [32, 33] , and damage analysis [34, 35] . The use of the CW approach for composites was introduced in [32, 33] . The capability to obtain the solid-like accuracies was proved. The current work presents recent developments of the CW to evaluate integral parameters in composite structures.
Particular attention was paid to the proper choice of the integration domain. Since the micro and the macro scales can be modelled simultaneously, integrals were evaluated simultaneously in a whole lamina, fiber, or matrix portion or specific parts of these components.
This work is a companion paper of [36] . In particular, this paper extends the numerical cases presented in [36] via comparisons with 3D finite elements and more comprehensive evaluations of the local effects. This paper is organized as follows: a brief theoretical introduction to the present formulation is given in Section 2. An overview of the CW and the evaluation of integral parameters is given in section 3. The numerical examples are presented and discussed in Section 4. The main conclusions are drawn in Section 5.
CUF 1D Formulation
Let us assume the Cartesian, orthogonal coordinate frame shown in Fig. 3 . In the CUF framework, the displacement field of a 1D structural model is written as follows:
where u(x, y, z) = {u x , u y , u z } T is the displacement vector; F τ (x, z) indicates the cross-section functions; u τ is the generalized displacement vector; M indicates the number of terms in the expansion. The repeated subscript indicates summation. The choice of F τ and M is arbitrary. In other words, various types of basis functions can be used to model the displacement field across the section -e.g. polynomials, harmonics, exponentials, and combinations thereof -as well as any expansion orders.
In this paper, Lagrange polynomial expansions (LE) were used for the displacement field. Bi-quadratic ninenodes (L9) Lagrange polynomials are used as F τ . The displacement field within an L9 element can be written as:
Where u x1 , ..., u z9 are the translational components of the nine points of the L9 element. The unknown variables are only pure displacements. Lagrange polynomials can be found in [24] . Multiple L-elements can be used above a cross-section. Figure 4 shows a typical L9 distribution above a cross-section with local loads.
The local refinement of the displacement field is achieved via the use of a finer discretization. Figure 5 shows the LE capability of using directly the physical surfaces of the structure to place the unknown variables.
While classical models require the definition of a line -commonly known as the beam axis -along which the unknown variables are defined, LE can use the physical boundaries of the 3D body. Such a feature can be of fundamental importance whenever a 3D CAD geometry must be dealt with.
Geometrical and Constitutive Equations
The stress σ and the strain vectors are defined as follows:
The linear strain-displacement relations are employed,
where D is
The constitutive law is
For the sake of brevity, the coefficients ofC are non reported here, they can be found in [37] .
Finite Element Formulation and the Fundamental Nucleus
The generalised displacement vector u τ is interpolated along the y direction by means of the shape functions
where u τ i is the nodal unknown vector. According to the principle of virtual displacements, the internal strain energy L int can be written as follows:
Where δ stands for virtual variation. Considering Eqs. 4, 6 and 7, the virtual variation of the strain energy can be written in a compact form:
where K τ sij is the fundamental nucleus of the stiffness matrix and the superscripts indicate the four indexes exploited to expand the elemental matrix: τ and s are related to the expansion functions F τ and F s whereas i and j are related to the shape functions N i and N j . The fundamental nucleus, which is a 3 × 3 array, is formally independent of the order of the beam model. By introducing the geometrical and constitutive relations, it is possible to rewrite the virtual variation of L int as
where Ω is the cross-section domain and I is the unit matrix. All the other finite element matrices and vectors can be written in a similar way, as shown in [24] . The CW exploits LE 1D elements to model each component of a structure separately and independently of their geometrical and material characteristics. Each 1D, 2D, 3D or micro and macro component can be modeled via LE 1D models with no need for ad hoc coupling and interface techniques. Figure 6 shows a typical CW strategy for a composite plate; 1D LE models can be simultaneously adopted to model layers (macroscale), matrix and fibres (microscale). This methodology can be very powerful when, for instance, detailed stress fields are required in a specific portion of the structure. It is important to underline that each component geometrical and material characteristics are retained, and the CW approach does not require coupling techniques, as the FE matrices of each element are formally the same. Figure 7 shows the different assemblage strategies for a multicomponent structure stiffness matrix. In classical approaches, the structure is reduced to a single equivalent structure. In the CW, the stiffness matrix elements of different components are superimposed only at the interface level to impose the displacement continuity. CW models can be locally refined by using higher-or lower-order models where required. Such a feature leads to further computational cost reductions.
Previous works have evidenced the enhanced capabilities of the CW to detect complete 3D, accurate displacement/strain/stress and failure index fields in the matrix, fibers, layers and interfaces of composite structures with low computational costs [33, 32] .
Integral quantities
The present paper focuses on the evaluation of integral quantities, such as the strain energy, in global and local portions of the structure. Given the 3D geometry of the structure, some sub-volumes, V i , are considered. The strain energy in V i can be calculated as follows:
In particular, the contributions from the axial and shear strains are given by
In composite structures, several failure mechanisms can take place, such as fiber or matrix collapse, debonding or delamination. To determine where failure may occur, integral quantities can be evaluated in sub-domains that can be lines, areas or volumes of the components, or at lamina/fiber-matrix interfaces. Integral quantities are usually computed through stress and strain distributions. Therefore, the accuracy of such quantities depends on the accuracy of the strain and stress field. However, the accurate evaluation of the 3D fields can be quite cumbersome. The use of the CW may be helpful to compute these integrals with high accuracy and low computational costs. Figure 8 shows a typical analysis scenario involving a composite plate. Various sub-volume distributions are shown ranging from macro areas, e.g. entire layers, to micro areas, e.g. portions of the matrix. The CW can predict 3D stress fields up to the micro scale and, therefore, provide reliable evaluations with no significant computational cost penalties.
One of the most common methods to predict failure in composites relies on the use of failure indexes (FI). FI offer punctual evaluations of the criticality in a given structure. However, as it is well known, FEs may be inaccurate as far as punctual evaluations are concerned. Such a problem is usually worsened by geometrical and mechanical boundary conditions. Moreover, most of the FE models require the use of homogenized, equivalent elements whose materials properties are computed from those of the single constituents, e.g. fibers and matrix. This, for instance, may lead to failure predictions that do not take into account the different properties and failure mechanisms of fibers and matrix. A possible way to overcome such a shortcoming may be represented by solid models, but with a considerable growth of the computational cost. In this paper, integral evaluations of FI are proposed and evaluated through the CW approach to avoid punctual evaluations.
The aim is to highlight the capability of CW in the evaluations of failure related quantities by retaining the geometrical, and material characteristics of a fiber reinforced composite structure constituents, i.e. fibers and matrix cells. The effectiveness of such novel integral quantities to predict failure should be evaluated through experimental campaigns that are beyond the scope of this paper.
The integral version of FI within a sub-volume V i is given by
Where FI can be one of the indexes commonly used in literature or commercial codes. In the case of multiple sub-volumes a mean value of FI * may be computed as
Where N V ol indicates the number of sub-volumes.
Failure indexes
In this paper, the Maximum Stress (MS) and Tsai-Wu (TW) criteria were considered as FI. For an anisotropic material, the conditions for the Maximum Stress criterion are [37] 
The Failure Coefficient, FC, for an anisotropic material changes depending on the direction. In agreement with the choice to use isotropic materials, the FC can be X or S for the Maximum Stress criterion where X is the material strength in axial directions and S, the material strength in shear directions. T and C indicate tension and compression, respectively. For the Maximum Stress criterion the FI is
Points in which the index becomes greater or equal to one indicate the failure. 
Where
Numerical results
A homogeneous beam was considered as first assessment. Then, a single fiber-matrix cell was analysed. Last, a multilayered beam was considered in which various fiber-matrix cells were included. Material properties are shown in Table 1 . Three isotropic materials were used. The first one was adopted in the homogeneous case and for layers. The other two materials were used to model fibers and matrix, respectively. For each material, failure coefficients are reported for tension, compression, and shear. The aim of the following numerical examples is to evaluate the capabilities of the CW models in the evaluation of integral quantities in fiber/matrix cells, with particular attention given to local effects. The choice of the loading and geometrical characteristics was carried out to shed light on these aspects. The analysis of more realistic cases should be a task for future developments. In fact, such CW cells could be used as Representative Unit Cells in multiscale analyses or used as local, micro refinements in complex macro structures.
The results were validated in terms of strain energies via 3D finite element models from commercial codes. A detailed validation campaign related to FI fields was carried out in [32] .
Homogeneous beam
As a preliminary assessment, a homogeneous cell was considered as a cantilever beam, and MAT 1 used. The length of the beam is 1 mm. The cross-section is square; the height is 0.1 mm. The CW model has one L9 element above the cross-section. A solid model was used for comparison purposes, and 20-nodes element were used. Figure 9 shows the CW and solid models. Four forces were applied on the free tip of the beam, F 1 = F 2 = F 3 = F 4 = 0.025 N. Ten, equally long sub-volumes were considered along the axis of the beam. Table   2 shows the strain energy in each sub-volume and the total energy. The first column provides the CW model results, whereas the second column shows the results from the solid model. The results suggest that
• Perfect agreement was found between the two models. The agreement is good at global and local level.
In fact, the total strain energy and the energies of each sub-volumes matched perfectly.
• The total amount of DOFs of the 1D models is three times smaller than the solid model.
• As expected, the distribution of the strain energy has a maximum in the proximity of the clamped region.
Single cell
This section deals with the analysis of a fiber/matrix cell. The cross-section is square, h = 0.1 mm, and L/h = 10 where L is the longitudinal length of the structure and h is the cross-section height. The fiber diameter (d) is 0.08 mm. 20 L9 elements were used along the cross-section. The structure is clamped at y = 0. Two loading configurations were considered, as shown in Figure 10 . In a first case study, four bending force were applied at the free tip, cell corners, F = 0.025 N each. Then, pure torsion was considered using two opposite First, analogously to the previous section, two and five sub-volumes along the beam axis were considered. Table 3 shows the results regarding strain energy. E indicates the total strain energy, E ax indicates the axial strain energy, and E s the shear energy. The subscript i was used to indicate the energy in the i-th sub-volume.
Bold characters indicate the maximum value of energy. Table 4 shows the energy distributions along the fiber and matrix portions of each sub-volume for the bending case. The torsion case is shown in Table 5 . Table   6 shows the integral failure indexes computed via the Maximum Stress and Tsai-Wu criteria. Failure index distributions for both criteria at the clamped cross-section are shown in Fig. 11 for the bending case.
Another volume subdivision was considered and focused on the matrix in the proximity of the free tip of the beam, as shown in Fig. 12 . Volumes 1-8 were placed from 0.8 to 0.9 mm, whereas 9-16 were placed along the last 10% of the beam length. Table 7 shows the results in terms of ratios between the strain energy of a given sub-volume and the strain energy in all the matrix region along the last 20% of the beam. Moreover, the integral failure index is reported. The results suggest the following:
• The local effects on the energy distributions can be evaluated via the present CW modeling.
• Local effects due to mechanical and geometrical boundary conditions influence the strain distribution.
However, the influence on shear terms is much greater than on axial terms.
• The presence of point forces causes peaks of strain energy in the matrix cells. Although it must be underlined how the present structural and loading configurations are not necessarily realistic, the present analysis shows the capabilities of the CW in the prediction of local effects. Such effects can be accurately predicted along the axis and above the cross-section.
• The proposed integral failure index can qualitatively identify those areas with major stress and strain distributions. However, an appropriate choice of the sub-volume distributions is required. In particular, distributions above the cross-section involving single components should be preferred. Such a choice enables the accurate evaluation of local effects and the avoidance of homogenization of material properties.
• The quantitative interpretation of the integral failure index remains an open issue. In fact, the results suggest that there is no correspondence between the numerical values of the point-wise indexes and the integral ones. Figures 13, 14 show the first CW model adopted. A fiber/matrix cell was inserted into the bottom layer. The cell cross-sectional dimensions are like those of the previous section.
Laminated structure
The cell center is at 11b 16 . Two loading cases were considered. The bending case is given by a force, F = 5 N, applied at the free tip cross-section center. The torsion case has four forces, 1 N each, applied at the free tip cross-section corners. Table 8 presents the total strain energy computed via the present CW model and a solid model. DOFs of each model are shown as well. Table 9 shows the strain energy in each layer and the entire beam. Table 10 reports the strain energy in the fiber/matrix cell. In particular, the fiber and matrix energy shares are given. Table 11 shows the integral failure indexes in the cell. The maximum stress criterion was used. A second CW model was then considered as shown in Fig. 15 . Eight fiber/matrix cells were considered along the bottom layer of the beam. The bending loading case was considered. Table 12 presents the total strain energy computed via the present CW model and a solid model. DOFs of each model are shown as well. Table   13 shows the strain energy in each lamina and the entire laminate. Furthermore, the contributions from the axial and shear terms are given. Table 14 focuses on the eight fiber/matrix cells. The strain energy is given for each fiber and all the matrix. Table 15 shows the integral failure index in each fiber and matrix cells. The results suggest the following:
• A good match between the CW models and the solid models was found. The CW DOFs are some ten times fewer than those of the solid model.
• As expected, the outer, zero degree layers have the highest shares of the strain energies due to the axial terms. Shear terms are predominant in the inner layer in the case of bending load. As far as torsion is concerned, shear contributions are predominant and equally distributed between layers.
• The CW modeling of the single fiber/cell matrix has highlighted the different energy share mechanism between fiber and matrix. As expected, fibers dominate the energy absorption in bending. Whereas, the matrix has a predominant role for shear and in torsion.
• As in the previous case, the integral failure index provides a qualitative estimation of the most critical areas of the structure.
Conclusions
This paper has presented results on the static analysis of fiber-reinforced composite structures via the Component-Wise approach (CW). The CW formulation, derived through the 1D Carrera Unified Formulation (CUF) structural models, can be used to model laminates, laminae, fibers and matrices separately; that is, different scale components can be modeled by using the same 1D formulation. Single fiber-matrix cells and layered structures have been considered, and the results evaluated in terms of integral quantities, such as strain energy and integral failure indexes. Comparisons with solid finite element models have been provided. Global and local effects were evaluated.
Numerical results suggest that:
• The CW results match solid model ones with good accuracy but lower computation costs. In fact, the total amount of DOFs of the 1D models is about three to four times smaller than the solid model.
• The CW can detect 3D local effects. Moreover, the avoidance of homogenization techniques enhances the prediction capabilities of the CW models at the fiber and matrix level.
• Integral failure indexes can qualitatively identify those areas with major stress and strain distributions. • CW models can be used to model single cells are Repetitive Unit Cells or to model entire portions of the structure up to the micro level.
Future extensions should deal with the analysis of more complex structures, the extension to progressive failure analysis, and impact problems. MAT 
3D Geometry from CAD
The 3D geometry from CAD can not be directly exploited for FE modeling The 3D geometry from CAD can be directly exploited for FE modeling and viceversa (e.g. for optimization)
Classical modeling -Unknowns are defined on artificial, matematical lines/surfaces LE modeling -Unknowns are defined on the physical surface Figure 5 : Classical and LE modeling strategies with respect to the 3D geometry.
The three layers of the structure are the components of the CW The top and middle layers, the fibers and matrix of the bottom layer are the components of the CW approach
The middle layer, the fibers and matrix of the top and bottom layers are the components of the CW approach
Only one fiber-matrix cell is embedded in the CW model 
